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Computing Maximum Cliques in Unit Disk Graphs *

Anastasiia Tkachenko� Haitao Wang�

Abstract

Given a set P of n points in the plane, the unit-disk
graph G(P ) is a graph with P as its vertex set such
that two points of P have an edge if their Euclidean
distance is at most 1. We consider the problem of com-
puting a maximum clique in G(P ). The previously
best algorithm for the problem runs in O(n7/3+o(1))
time. We show that the problem can be solved in
O(n log n+nK4/3+o(1)) time, where K is the maximum
clique size. The algorithm is faster than the previous
one when K = o(n). In addition, if P is in convex
position, we give a randomized algorithm that runs in
O(n15/7+o(1)) = O(n2.143) worst-case time and the algo-
rithm can compute a maximum clique with high proba-
bility. For points in convex position, one special case we
solve is when a point in the maximum clique is given; we
present an O(n2 log n) time (deterministic) algorithm
for this special case.
Keywords: Cliques, unit-disk graphs, convex position

1 Introduction

A clique in an undirected graph is a subset of vertices
such that every two vertices in the subset share an edge.
Finding maximum cliques in graphs is a classical prob-
lem, which has applications across various domains, in-
cluding bioinformatics [25], scheduling [39], coding the-
ory [16], and social network analysis [5] (see also the
survey [40]). Beyond its practical significance, the max-
imum clique problem is also closely connected to a num-
ber of important combinatorial optimization problems
such as clique partitioning [33], graph clustering [30],
and set packing [41]. These problems can often be di-
rectly formulated as instances of the maximum clique
problem or contain subproblems that require comput-
ing a maximum clique.

In general, the maximum clique problem is NP-hard
for graphs. This intractability persists even in geometri-
cally constrained settings, such as intersection graphs of
ellipses and triangles [3], hybrid models combining unit
disks with axis-aligned rectangles [7, 15], and intersec-
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tion graphs of rays [8]. In each of these cases, computing
a maximum clique remains as hard as in general graphs.

Nevertheless, for several classes of geometric inter-
section graphs, the maximum clique problem becomes
tractable. Polynomial time algorithms are known, for
instance, for intersection graphs of axis-aligned rectan-
gles [20], circle graphs [26], circular-arc graphs [4], and
unit-disk graphs [13–15, 23]. In this paper, we focus
on the maximum clique problem in unit-disk graphs.
Unit-disk graphs arise naturally in modeling wireless
communication networks, where devices with identical
transmission ranges can interact if they are within range
of each other [6, 13, 27, 28]. Relatively simple geomet-
ric structure of unit-disk graphs, paired with real-world
relevance, has made them a central object of study in
computational geometry and related fields.

Let P be a set of n points in the plane. The unit-
disk graph of P , denoted G(P ), is the graph with vertex
set P such that two points of P have an edge if their
Euclidean distance is at most 1. Given P , we consider
the problem of computing a maximum clique of G(P ).

1.1 Previous work

Clark, Colbourn, and Johnson [13] proposed the first
polynomial time algorithm to compute a maximum
clique in a unit-disk graph. Their algorithm runs in
O(n4.5) time, based on the following idea. For each edge
(p, q) of G(P ) (i.e., |pq| ≤ 1, where |pq| is the distance of
p and q), let L(p, q) denote the intersection of the disk
centered at p with radius |pq| and the disk centered at
q with radius |pq|; L(p, q) is called a lens. A key in-
sight of [13] was that the subgraph GL(p,q)(P ) induced
by points of P inside L(p, q) is cobipartite (a graph is
cobipartite if its complement graph is bipartite). Con-
sequently, finding a maximum clique in GL(p,q)(P ) re-
duces to finding a maximum independent set in its com-
plement graph, which is bipartite. The latter problem
in turn reduces to computing a maximum matching in
the bipartite graph, which can be solved in O(n2.5) time
with n as the number of vertices in the graph [19]. If
(p, q) is a farthest pair of points in a maximum matching
M of G(P ), then a crucial observation is that all points
of M must be in the lens L(p, q). As such, by find-
ing maximum cliques in the subgraphs for all lenses of
all O(n2) of edges G(P ), one can compute a maximum
clique in O(n4.5) time.

Later, Aggarwal, Imai, Katoh, and Suri [2] gave an
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algorithm that can compute a maximum clique in a co-
bipartite subgraph of G(P ) (or equivalently compute
a maximum independent set in its complement graph)
in O(n1.5 log n) time by using the data structures in
[18, 21]. Plugging this algorithm into the above frame-
work of [13] leads to an O(n3.5 log n) time algorithm for
computing a maximum clique in G(P ).

Eppstein and Erickson [14] subsequently derived an
improved algorithm of O(n3 log n) time by introducing
an ordering of lenses and leveraging dynamic data struc-
tures. More specifically, the algorithm rotates a lens
around each point in P , changing the corresponding co-
bipartite subgraph of the lens whenever a point enters
or exits it. At each change, instead of computing a max-
imum clique from scratch, the authors developed a dy-
namic data structure to maintain the maximum clique
by searching an alternating path in the graph, so that
each point update (insertion/deletion) to the subgraph
can be handled in O(n log n) time.

Recently Espenant, Keil, and Mondal [15] made a
breakthrough and proposed the first subcubic time algo-
rithm and their algorithm runs in O(n2.5 log n) time. It
employs a divide-and-conquer approach. In the merge
step, the authors discovered that it is sufficient to con-
sider O(n) lenses and compute a maximum clique for
each of them, which takes O(n2.5 logn) time using the
algorithm of [2]. Hence, the merge step can be com-
pleted in O(n2.5 log n) time, so is the overall algorithm.
As noted in [23], Timothy Chan observed that finding
a maximum clique in a cobipartite graph can be solved
faster in O(n4/3+o(1)) time by decomposing G(P ) into
bipartite cliques [22, 36] and applying the maximum
matching algorithm [11, 17]. Plugging this new algo-
rithm into the algorithm of [15] leads to an O(n7/3+o(1))
time algorithm to compute a maximum clique in G(P ).

1.2 Our results

In this paper, by using a grid and the aboveO(n7/3+o(1))
time algorithm, we show that computing a maximum
clique in G(P ) can be done in O

(
n logn+ nK4/3+o(1)

)
time, where K is the maximum clique size. If K =
o(n), then the runtime is smaller than the previous al-
gorithm. In particular, for sufficiently small k, e.g.,
k = O(

√
log n), the runtime is bounded by O(n log n).

We also consider a convex position case where points
of P are in a convex position, i.e., every point of P
is a vertex in the convex hull of P . In this case, we
first show that if a point in a maximum clique of P
is provided, then we can compute a maximum clique
in O(n2 logn) time. Combining this algorithm with
the above O

(
n logn + nK4/3+o(1)

)
time algorithm, we

present a randomized algorithm that can compute a
clique in G(P ) in worst-case O(n15/7+o(1)) = O(n2.143)
time, and the clique is a maximum clique with high
probability (i.e., with probability 1 − 1/nc for an arbi-

trarily large constant c).

Although a constrained case, geometric problems for
points in convex position have attracted much attention,
e.g., Voronoi diagrams [1], k-center [12,32], independent
set [31, 32], dispersion [31, 32], dominating set [32], ϵ-
net [10], triangulation [24], Steiner tree [29], etc. In
particular, when the disks are in convex position (e.g.,
every disk appears in the convex hull of all disks; but
the disks may have different radii), it has been reported
that a maximum clique can be computed in polynomial
time [42].

Outline. The rest of the paper is organized as follows.
After introducing some notation in Section 2, we present
our algorithm for the general case (i.e., points of P are
not necessarily in convex position) in Section 3. In Sec-
tion 4, we describe the algorithm for the convex position
case with the special assumption that a point in a max-
imum clique is provided. Section 5 finally solves the
convex position case without the special assumption.

2 Preliminaries

We introduce some notation that will be used through-
out the paper, in addition to those already defined in
Section 1, such as P , n, and G(P ).

A unit disk is a disk of radius 1. For a point p in the
plane, let Dp denote the unit disk centered at p, and
∂Dp the bounding circle of Dp. We use x(p) and y(p)
to denote the x- and y-coordinates of p, respectively.
Let ℓ⊥(p) denote the vertical line through p.

For any two points p and q in the plane, let |pq| rep-
resent their Euclidean distance, and pq the line segment
with endpoints p and q.

For any subset P ′ ⊆ P , letG(P ′) denote the subgraph
of G(P ) with vertex set P ′. For simplicity, we call a
subset P ′ ⊆ P a clique if G(P ′) is a complete graph,
i.e., the distance between every two points of P ′ is at
most 1.

For any region R in the plane, we use P (R) = P ∩R
to denote the subset of points from P that lie in R.

3 The general case

In this section, we present our algorithm for computing
a maximum clique in the unit-disk graph G(P ), with-
out assuming that P is in convex position. We first
solve a decision problem: Given a number k, determine
whether G(P ) has a clique of size k (and if so, report
such a clique). We show that after O(n logn) time pre-
processing, given any k, the decision problem can be
solved in O(nk4/3+o(1)) time. Later we will show that a
maximum clique of G(P ) can be computed by an expo-
nential search and using the decision algorithm.
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Figure 1: The gray cells are neighboring cells of C.

3.1 The decision problem

We first construct a set C of grid cells to capture the
proximity information for the points of P . The tech-
nique of using grids has been used in various algorithms
for problems in unit-disk graphs [9, 34,35,37,38].

The set C has the following properties (see Figure 1):
(1) Each cell of C is an axis-parallel square of side
lengths 1/2. This implies that the distance between
every two points in each cell is less than 1 and therefore
points of P in the cell form a clique. (2) The union of
all cells of C covers all the points of P . (3) Each cell
C ∈ C is associated with a subset N(C) ⊆ C of O(1)
cells (called neighboring cells of C) such that for any
point q ∈ C, P (Dq) ⊆

⋃
C′∈N(C) P (C ′). (4) Each cell

C ′ ∈ C is in N(C) for O(1) cells C ∈ C.
An algorithm was provided in [34] for Lemma 1.

Lemma 1 [34] The set C of size O(n), along with
P (C) and N(C) for all cells C ∈ C, can be computed
in O(n log n) time and O(n) space.

Our preprocessing step is to construct the set C by
Lemma 1. Given a number k, below we present our
algorithm to decide if G(P ) has a clique of size k.

For any cell C ∈ C, if |P (C)| ≥ k, we immediately find
a clique of size k as the points of P (C) form a clique. In
the following, we assume |P (C)| < k for all cells C ∈ C.

Suppose G(P ) contains a clique M of size k. Let C be
a cell that contains a point p of M . Then, M ⊆ P (Dp).
By the third property of C, P (Dp) ⊆

⋃
C′∈N(C) P (C ′).

Hence, M ⊆
⋃

C′∈N(C) P (C ′). Consequently, M can be

found in G(PC) for PC =
⋃

C′∈N(C) P (C ′). Since N(C)

has O(1) cells C ′ and |P (C ′)| < k, we have |PC | = O(k).
As such, applying the previous algorithm to PC can
compute M in O(k7/3+o(1)) time.
With the above observation, our algorithm works as

follows. We compute PC for each cell C ∈ C. This
takes O(n) time in total as |N(C)| ≤ 1 and each cell
C ′ ∈ C is in N(C) for O(1) cells C ∈ C (the fourth
property of C). If |PC | ≥ k, then we compute a maxi-
mum clique in G(PC), which takes O(k7/3+o(1)) time. If
the size of the computed clique is at least k, then we fin-
ish the algorithm and return the clique. The total time

of the algorithm is
∑

C∈C,|PC |≥k O(k7/3+o(1)), which is

O(nk4/3+o(1)) due to the following observation.

Observation 1
∑

C∈C,|PC |≥k

k7/3+o(1) = O(nk4/3+o(1)).

We thus have the following lemma.

Lemma 2 After O(n log n) time preprocessing, given
any number k, we can decide whether G(P ) has a
clique of size k (and if so, report such a clique) in
O(nk4/3+o(1)) time.

3.2 The optimization problem: Finding a maximum
clique

Using Lemma 2, the following theorem gives an algo-
rithm to compute a maximum clique.

Theorem 3 Given a set P of n points in the plane,
we can find a maximum clique in the unit-disk graph
G(P ) in O(n logn + nK4/3+o(1)) time, where K is the
maximum clique size.

Proof. We first perform the preprocessing step of
Lemma 1, which takes O(n log n) time. Then, using
the decision algorithm in Lemma 2, we can compute a
maximum clique by doing exponential search. Specif-
ically, we call the decision algorithm for k = 1, 2, 4, 8
until a value k such that the decision algorithm deter-
mines that G(P ) has a clique of size k but does not
have a clique of size 2k. Let k′ = k. Hence, we have
K ∈ [k′, 2k′]. The above calls the decision algorithm
O(log k′) = O(logK) times. We then do binary search
with k ∈ [k′, 2k′] using the decision algorithm. This can
compute a maximum clique by calling the decision al-
gorithm another O(logK) times. As such, in total we
call the decision algorithm O(logK) times, which takes
O(nK4/3+o(1) logK). Therefore, the time complexity of
the overall algorithm is O(n log n + nK4/3+o(1) logK).
Observe that the logK factor is subsumed by Ko(1).
The theorem thus follows. □

4 The convex position case with a given point

In this section, we consider the convex position case
with a special assumption that a point p∗ in a max-
imum clique of G(P ) is provided. With p∗, we give
an algorithm that can compute a maximum clique in
O(n2 log n) time. We make a general position assump-
tion that no three points of P lie on the same line.

Algorithm overview. Let M∗ denote a maximum
clique of G(P ) containing p∗. Our algorithm will main-
tain a subset S ⊆ P such that G(S) is cobipartite (note
that G(S) is cobipartite if and only S can be partitioned
into two subsets S1 and S2 that are both cliques). Dur-
ing the course of the algorithm, there are O(n) updates
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to S and each update is either to insert a point of P
into S or delete a point from S, and after each update
S is always cobipartite. We use the data structure of
Eppstein and Erickson [14] (referred to as the EE data
structure) to maintain a maximum clique of S so that
each update can be handled inO(n log n) time (i.e., after
each update, a maximum clique of S can be computed
in O(n logn) time). Since there are O(n) updates to
S, the total time of the algorithm is O(n2 log n). After
all updates are done, among all cliques that have been
computed, we return the largest one as our solution, i.e.,
a maximum clique for G(P ). To prove the correctness,
we will show that at some moment during the algorithm
M∗ ⊆ S holds (and therefore a maximum clique of that
S is also a maximum clique of G(S)).

In what follows, we first define S in Section 4.1, and
then explain the updates to S in Section 4.2. The exact
definition of S will not be clear until Section 4.2, but
Section 4.1 provides motivations to define S. Finally,
we summarize the entire algorithm in Section 4.3.

4.1 Defining S

Since p∗ ∈ M∗, we have M∗ ⊆ P (Dp∗). Hence, it suf-
fices to consider the points of P in the unit disk Dp∗ .
For notational convenience, we assume that all points of
P are in Dp∗ , i.e., |pp∗| ≤ 1 for all points p ∈ P . Also,
we rotate the plane so that p∗ is the leftmost point and
no two points of P have the same x- or y-coordinate.

Let p̂ denote the rightmost point of P . Let q̂ denote
the rightmost point of M∗. Without loss of generality,
we assume that q̂ is on the upper hull of the convex hull
of P (otherwise, the following discussion is symmetric;
as we do not know whether q̂ is on the upper or lower
hull of P , we actually run two versions of the algorithm
and then return the better solution, i.e., the larger clique
found by the two versions).

Let Pu denote the set of points of P on the upper hull
of P , and let Pl = P \Pu. We assume that both p∗ and
p̂ are in Pu but not in Pl.

We order the points of Pu from left to right as p∗ =
p1, p2, . . . , pt = p̂. For each pi ∈ Pu, let Su(i) denote a
set of points p ∈ Pu such that x(p) ≤ x(pi) and |ppi| ≤
1; similarly, define Sl(i) as the set of points of p ∈ Pl

with x(p) ≤ x(pi) and |ppi| ≤ 1. Let S(i) = Su(i)∪Sl(i).
Suppose q̂ = pi for some i; then since every point p

of M∗ satisfies x(p) ≤ x(pi) and |ppi| ≤ 1, it holds that
M∗ ⊆ S(i). Our algorithm is based on this observation.
Our algorithm will scan the points of Pu from left

to right. For each point pi ∈ Pu, we will maintain a
subset S = S′(i) of points of P whose x-coordinates are
less than or equal to x(pi) such that S(i) ⊆ S′(i). We
will compute a maximum clique for G(S′(i)) for each i,
and finally return the largest clique found throughout
the algorithm. This guarantees the correctness of the
algorithm as M∗ ⊆ S(i) ⊆ S′(i). To compute maximum

cliques of G(S′(i)) for all 1 ≤ i ≤ t, we will show that
each G(S′(i)) is cobipartite. Furthermore, if S = S′(i),
we will show that through a sequence of updates (point
insertions/deletions) to S, we can obtain S = S′(i+ 1)
and after each update G(S) is always cobipartite. In
this way, we can use the EE data structure to compute
the maximum cliques of G(S′(i)) for all 1 ≤ i ≤ t.
We will show that the total number of updates to S in
the whole algorithm is O(n). Hence, the total time of
the algorithm is O(n2 log n) since each update can be
handled in O(n logn) time by the EE data structure.

To show that S′(i) is cobipartite, it suffices to show
that S′(i) can be partitioned into two subsets S1 and
S2 that are both cliques. To this end, we start with
the following observation, which essentially shows that
G(S(i)) is cobipartite.

Observation 2 Both Su(i) and Sl(i) are cliques.

Remark. To define S′(i) so that G(S′(i)) is cobipar-
tite, due to Observation 2, it is tempted to have S′(i) =
S(i). However, as will be demonstrated later, having
S′(i) = S(i) may involve Ω(n2) updates to S′(i) for all
1 ≤ i ≤ t. Fortunately, we discover a way to make a
larger S′(i) so that G(S′(i)) is still cobipartite and O(n)
updates to S′(i) are guaranteed.

We define S′(i) = Su(i) ∪ S′
l(i) for some subset S′

l(i)
such that Sl(i) ⊆ S′

l(i) ⊆ Pl. We will give the exact
definition of S′

l(i) later. By Observation 2, Su(i) is a
clique in G(P ), called an upper clique. As will be seen
later, S′

l(i) is also a clique, called a lower clique.

4.2 Updating S = S′(i)

We now explain how to update S = S′(i) incrementally
from i = 1 to i = t. In the meanwhile, we will also give
the exact definition of S′

l(i).
We say that a point p ∈ P is inserted into Su(i) if

p ∈ Su(i) but p ̸∈ Su(i − 1), and p is deleted from
Su(i) if p ∈ Su(i − 1) but p ̸∈ Su(i). We use the same
terminology for Sl(i) (and also for S′

l(i), S(i) and S′(i)).
Let h be the index in [1, t] such that ph is the point

of Pu with the largest y-coordinate.

4.2.1 Maintaining the upper clique

The following lemma implies that the number of up-
dates to the upper clique Su(i) from i = 1 to i = t is
O(n).

Lemma 4 Any point p ∈ P can be inserted into or
deleted from Su(i) at most once for all 1 ≤ i ≤ t. In
particular:

1. If p ∈ Su(i) for some i ∈ [1, h], then p ∈ Su(j)
holds for all j ∈ (i, h].
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2. If p is deleted from Su(i) for some i ∈ [h, t], then
p /∈ Su(j) holds for all j ∈ (i, t].

4.2.2 Maintaining the lower clique

To define the lower clique S′
l(i), which is based on Sl(i),

and maintain it for updates, we first make the following
lemma, similar to Lemma 4(2) but for i ∈ [1, h]. The
lemma implies that the number of updates to Sl(i) for
all 1 ≤ i ≤ h is O(n).

Lemma 5 Any point p ∈ P can be deleted from Sl(i)
at most once for all 1 ≤ i ≤ h. In particular, if p is
deleted from Sl(i) for some i ∈ [1, h], then p /∈ Sl(j)
holds for all j ∈ (i, h].

The above lemma is for indices i ∈ [1, h]. When i
changes from h to t, however, the situation becomes
more complicated since a point of Pl may be inserted
into and deleted from Sl(i) up to Ω(n) times, leading
to a total of Ω(n2) updates to Sl(i) in the worst case.
Consider the example illustrated in Figure 2. Let p be
a point in Pl. Suppose Pu contains O(n) points such
that every other point from left to right lies at distance
exactly 1 − δ from p, while its immediate neighbors lie
at distance 1 + δ, for some small δ > 0. In this setting,
when i changes from h to t, p must alternate between
being inserted into and deleted from Sl(i). Furthermore,
if there are O(n) such points p in Pl (e.g., all lying
within distance δ from p), then each of them will behave
similarly. In this case, the total number of updates to
Sl(i) for h ≤ i ≤ t may reach Ω(n2). In the following,
we consider a new strategy to define and maintain a
larger set S′

l(i) with Sl(i) ⊆ S′
l(i).

1− δ

1 + δ
p

pi
pi+1

pi−1

Figure 2: Illustration of a
point p ∈ Pl that may undergo
Ω(n) updates to Sl(i).

p∗
R2

R1

q∗

Figure 3: Illustrating the
two regions R1 and R2 in the
right half of Dp∗ .

Let q∗ be the point (x(p∗), y(p∗)−1). We partition the
right half of the unit disk Dp∗ into two regions R1 and
R2 by the boundary of Dq∗ (see Figure 3). Specifically,
define R1 = {p ∈ Dp∗ : p ∈ Dq∗ , x(p) ≥ x(p∗)} and
R2 = {p ∈ Dp∗ : p /∈ Dq∗ , x(p) ≥ x(p∗)}. We have the
following lemma for R2.

Lemma 6 For any point p of Pl in R2, |ppi| ≤ 1 holds
for any pi ∈ Pu with x(p) < x(pi). This implies that if
p is inserted into Sl(i) for some i ∈ [h, t], then p will
always be in Sl(j) for any j ∈ (i, t].

Defining S′
l(i). In light of Lemma 6, when i changes

from h to t, instead of maintaining Sl(i), we maintain a
superset S′

l(i) of Sl(i), defined as follows. For 1 ≤ i ≤ h,
we simply define S′

l(i) = Sl(i). In general, assuming
that S′

l(i) has been defined for some i ∈ [h, t], we define
S′
l(i+ 1) as follows. First, we put all points of S′

l(i) to
S′
l(i+ 1). Then, for each point p ∈ Sl(i+ 1) \ S′

l(i), we
add p to S′

l(i+1). Furthermore, if p ∈ R2, then we check
every point p′ from S′

l(i + 1) ∩ R1, and delete p′ from
S′
l(i+1) if |pp′| > 1 (note that if |pp′| > 1, then p′ cannot

be in Sl(i+1) since Sl(i+1) is a clique by Observation 2;
this means that no point p ∈ Sl(i + 1) \ S′

l(i) added to
S′
l(i+1) above will be later deleted; this further implies

that the order we add points of p ∈ Sl(i + 1) \ S′
l(i) to

S′
l(i+ 1) does not matter).
The following lemma shows that S′

l(i) is a ”viable”
alternative to Sl(i).

Lemma 7 For any i ∈ [1, t], Sl(i) ⊆ S′
l(i) and S′

l(i) is
a clique.

The following lemma explains why S′
l(i) is a better

alternative to Sl(i).

Lemma 8 Any point p ∈ P can be inserted into or
deleted from S′

l(i) at most O(1) times for all 1 ≤ i ≤ t.

Definition 1 Define S′(i) to be Su(i)∪S′
l(i) for all 1 ≤

i ≤ t.

Lemmas 4 and 8 together lead to the following.

Lemma 9 Any point p ∈ P can be inserted into or
deleted from S′(i) at most O(1) times for all 1 ≤ i ≤ t.

4.3 Algorithm implementation and time analysis

Based on the above discussions, we implement our al-
gorithm as follows. Initially when i = 1, we compute
S′(i) = S(i) = Sl(i) ∪ Su(i), which consists of a sin-
gle point p1. Therefore, {p1} is a maximum clique of
G(S′(i)). In general, assume that we have computed
S′(i), whose graph G(S′(i)) is cobipartite, and its max-
imum clique M(i). Then, we compute S′(i + 1) and
its maximum clique M(i + 1) of S′(i + 1) as follows.
Depending on whether i+ 1 ≤ h, there are two cases.

The case i + 1 ≤ h. If i+ 1 ≤ h, then we first com-
pute S′(i+ 1) = S(i+ 1) = Sl(i+ 1) ∪ Su(i+ 1). Note
that Sl(i + 1) and Su(i + 1) can be easily computed
in O(n) time by checking every point of P . We then
compute the set I(i+ 1) = S′(i+ 1) \ S′(i) and the set
D(i+1) = S′(i)\S′(i+1). Notice that in order to obtain
S′(i + 1) from S′(i), I(i + 1) is the set of points to be
inserted into S′(i+1) while D(i+1) is the set of points
to be deleted from S′(i). Given S′(i) and S′(i+ 1), the
two sets I(i+1) and D(i+1) can be easily computed in
O(n log n) time. Let S = S′(i). Recall that we already
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know a maximum clique of S. To compute a maximum
clique of S′(i+1), we use the EE data structure [14] to
maintain the maximum clique of S, and perform the fol-
lowing sequence of updates to S: First delete the points
of D(i + 1) from S one by one in any arbitrary order
and then insert the points of I(i+ 1) into S one by one
in any arbitrary order. Observe that at any moment
of the sequence of the updates, S is either a subset of
S′(i) or a subset of S′(i + 1). As both G(S′(i)) and
G(S′(i + 1)) are cobipartite, G(S) is always cobipar-
tite during the above sequence of updates. Hence, the
EE data structure can compute a maximum clique after
each update in O(n log n) time. As such, the total time
for computing a maximum clique M(i+ 1) of S′(i+ 1)
is O((|I(i+1)|+ |D(i+1)|+1) ·n log n). Note that the
“+1” is because we spend O(n logn) time computing
S′(i+ 1), I(i+ 1), and D(i+ 1).

The case i + 1 > h. If i+1 > h, then we have S′(i) =
Su(i) ∪ S′

l(i) and S′(i+ 1) = Su(i+ 1) ∪ S′
l(i+ 1). We

first compute Su(i+ 1). Then, we compute Iu(i+ 1) =
Su(i+1)\Su(i) and Du(i+1) = Su(i)\Su(i+1). Next,
we compute Sl(i + 1) and Il(i + 1) = Sl(i + 1) \ S′

l(i).
Subsequently, for each point p ∈ Il(i+1), we check every
point p′ ∈ S′

l(i)∩R1 and add p′ to Dl(i+1) if |pp′| > 1.
By definition, S′(i + 1) can be obtained from S′(i) by
deleting the points of D(i+ 1) = Dl(i+ 1) ∪Du(i+ 1)
and inserting the points of I(i+1) = Il(i+1)∪Iu(i+1).

Note that computing Su(i + 1), Sl(i + 1), Iu(i + 1),
Du(i+1), and Il(i+1) can be easily done in O(n logn)
time. For each point p ∈ Il(i + 1), we can spend
O(n) time checking every point p′ ∈ S′

l(i) to determine
whether p′ should be added to Dl(i + 1). Hence, com-
puting Dl(i+ 1) can be done in O(|Il(i+ 1)| · n) time.

Let S = S′(i). Since we already know a maximum
clique of S, to compute a maximum clique of S′(i+ 1),
we use the EE data structure to maintain the maximum
clique of S, and perform the following sequence of up-
dates to S: First delete the points of D(i + 1) from S
and then insert the points of I(i+ 1) into S. As above,
G(S) is always cobipartite after each update. Hence,
the EE data structure can compute a maximum clique
after each update in O(n log n) time. As such, the to-
tal time for computing a maximum clique M(i + 1) of
S′(i+ 1) is O((|I(i+ 1)|+ |D(i+ 1)|+ 1) · n logn).

To summarize, in either case, computing a maximum
clique for each S′(i + 1) takes O((|I(i + 1)| + |D(i +
1)|+1) ·n log n) time. By Lemma 9, we have

∑
i(|I(i+

1)| + |D(i + 1)|) = O(n). Hence, the total time of the
algorithm is O(n2 log n). We thus obtain the following.

Theorem 10 Given a set P of n points in convex po-
sition in the plane, if a point in a maximum clique of
G(P ) is provided, then a maximum clique of G(P ) can
be computed in O(n2 logn) time.

Note that for any point p∗ ∈ P , our algorithm guaran-
tees to find a clique no smaller than any clique contain-
ing p∗. Indeed, suppose that M is a clique of G(P ) that
contains p∗. Then, our algorithm guarantees M ⊆ S′(i)
for some i ∈ [1, t]. Since the algorithm finds a maxi-
mum clique for S′(i) for each i ∈ [1, t], it can always
find a clique of size at least |M |. Therefore, we have the
following more general result.

Theorem 11 Let P be a set of n points in convex po-
sition in the plane and p∗ is a point of P . Suppose
that k is the size of a clique of G(P ) that contains p∗.
Then, we can compute a clique whose size is at least k
in O(n2 log n) time.

5 The convex position case without a given point

We now consider convex position case problem with-
out assuming a point in a maximum clique is given.
We present a randomized algorithm for the problem by
combining the results in Theorems 3 and 10.

Let K denote the maximum clique size of G(P ). We
first apply the algorithm of Lemma 2 with k = n6/7 to
decide if K < n6/7 in O(n15/7+o(1)) time. Depending
on whether K < n6/7, we run two different algorithms.

If K < n6/7, we run the algorithm of Theorem 3 to
find a maximum clique in O(n logn+nK4/3+o(1)) time,
which is bounded by O(n15/7+o(1)).

If K ≥ n6/7, then we randomly pick a point p∗ from
P and run the algorithm in Theorem 10. Let M∗ be
a maximum clique of G(P ). As K ≥ n6/7, the proba-
bility that p∗ ∈ M∗ is at least 1/n1/7. We repeat the
same process for cn1/7 logn times for a sufficiently large
constant c, and return the largest clique we find. The
probability that at least one selected point belongs to
M∗ is at least

1−
(
1− 1

n1/7

)cn1/7 logn

≥ 1− e−c logn.

Hence, with high probability, one of the O(n1/7 log n)
randomly selected points is in M∗ and therefore the
algorithm of Theorem 10 when applied to the point will
compute a maximum clique of G(P ). As such, with high
probability, our algorithm can find a maximum clique.
The runtime of the algorithm is bounded by O(n2 log n ·
n1/7 log n) in the worst case, which is O(n15/7 log2 n).

Combining the above, the time complexity of the
overall algorithm is O(n15/7+o(1)) in the worst case. The
following theorem summarizes the result.

Theorem 12 Given a set P of n points in convex po-
sition in the plane, we can find a clique in the unit-disk
graph G(P ) in O(n15/7+o(1)) time, and with high prob-
ability the clique is a maximum clique of G(P ).
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[3] Christoph Ambühl and Uli Wagner. The clique
problem in intersection graphs of ellipses and tri-
angles. Theory of Computing Systems, 38:279–292,
2005. doi:10.1007/s00224-005-1141-6.

[4] Alberto Apostolico and Susanne E. Hambrusch.
Finding maximum cliques on circular-arc graphs.
Information Processing Letters, 26(4):209–215,
1987. doi:10.1016/0020-0190(87)90007-X.

[5] Balabhaskar Balasundaram, Sergiy Butenko, and
Illya V. Hicks. Clique relaxations in social net-
work analysis: The maximum k-plex problem. Op-
erations Research, 59(1):133–142, 2011. doi:DOI:

10.1287/opre.1100.0851.
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